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Abstract. Combining the mollifiers, we exhibit other choices of coefficients that improve the 
results on large gaps between the zeros of the Riemann zeta-function. Precisely, assuming the 
Generalized Riemann Hypothesis (GRH), we show that there exist infinitely many consecutive 
gaps greater than 3.033 times the average spacing. 



1. Introduction 

Assuming the Riemann Hypothesis (RH), we can write the nontrivial zeros of the Riemann 
zeta-function as p = | + £7, where 7 € R. For < 7 < 7' two consecutive ordinates of zeros, 
we define the normalized gap 

£( 7 ) = ( 7 '_ 7 )_2|2. 

It is a well-known theorem that the number of nontrivial zeros of £(s) with ordinates in [0, T] 
is 2^TlogT + 0(T). Hence on average 5(j) is 1. In 1973, by studying the pair correlation of 
the zeros of the Riemann zeta-function, Montgomery [B] suggested that there exist arbitrarily 
large and small gaps between consecutive zeros of C( s )- That is to say 

A = limsup<5(7) = 00 and \i = liminf 5(7) = 0, 
7 ' 1 

where 7 runs over all the ordinates of the zeros of the Riemann zeta-function. 
In this article, we will focus only on the large gaps. Our main theorem is 

Theorem 1.1. Assuming GRH. Then we have A > 3.033. 

Selberg [T3] remarked that he could prove A > 1. Assuming RH, Mueller [IT] showed that 
A > 1.9, and later, by a different approach, Montgomery and Odlyzko [9J obtained A > 1.9799. 
The work of Mueller [TTJ is based on the following idea. 

Let H : C — > C and consider the following functions 

r2T 

Jti{H,T) = / \H{\ + it)\ 2 dt 
Jt 

and 

rc/L 



^ 2 {H,T;c)= [ V |tf(±+i( 7 + a))| 2 (2a, 
J-c/l ^jf-^^ 

where L = log . One notes that if 



T<-y<2T 



^ 2 (H,T;c) 

H{C) := ^(H,T) < (1) 

then A > c/tt, and if h{c) > 1, then fi < c/tt. 

Mueller [11] applied this idea to H(s) = ((s). Using H(s) = ^2 n<T i-c d2.2{n)n~ s , Conrey, 
Ghosh and Gonek [2] deduced that A > 2.337. Here d r (n) is the coefficient of n~ s in the 
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Dirichlet series of Ci s Y ■ Later, assuming GRH, they applied to H(s) = ((s) YlnKT 1 / 3 -* n s 
and obtained A > 2.68 [3]. By considering a more general mollifier 

L — ' n s 

n<y 

where y = T l l 2 ~ £ and P [n] = P( 1 °^^ n ), Ng |12j improved that result to A > 3. In the last 
two papers, the assumption of GRH is necessary in order to estimate the discrete mean value 
over the zeros in ^2(H,T;c). In connection to this work, we also mention a result of Hall 
[7], who showed that A > 2.6306. The results in Hall's paper are actually unconditional, but 
a lower bound for A can only be obtained if the Riemann Hypothesis is assumed. 
As an extension of Mueller's idea, we are going to use 

H( S ) = H 1 (s) + C( S )H 2 ( S ), 

where 

H 1 (s) = J2 dr+1 ^ s Pl[n] and H 2 ( S ) = Y J dr{n j? [n] . 

n<y n<y 

Here y = , < < 1 < r, and P^n] = Pi( 1 -^), P 2 [n] = iMng^), where P x (x), P 2 {x) 
are two polynomials which will be specified later. 

Remark 1.1. It is not clear how to choose some "good" r, P\{x) and P2(x) to obtain the 
best result the method would give. It is probable that with a better choice of coefficients our 
theorem can be significantly improved. Nevertheless, our primary goal here is to exhibit a 
more general mollifier that could improve the work of |llj.[3].[12]. 



The work was commented while the author was visiting the University of Rochester. The 
author would like to thank Professor Steve Gonek for his support and encouragement during 
that time. Thanks also go to Professor Micah Milinovich for various stimulating discussions. 

2. Main lemmas 

We state our various lemmas concerning the "square" terms and "cross' terms, which come 
up in the evaluations of ^\(H,T) and ^2(H,T;c). 



Lemma 2.1. Suppose < < ^. We have 



where 



V — V 

p v v ■ p/ n>0 1 



The "cross" term of ^i(H,T) is given by 
Lemma 2.2. Suppose < i9 < \. We have 



where 



r(r+l)-l 



Q r (x)P2{x)dx, 



Qu{x)= [ t u P x (x-t)dt. 
Jo 



These lemmas are proved in Section 5. The other square term of ^i(H,T) comes from a 
theorem of Conrey and Ghosh (cf. Theorem 1 pQ). 



LARGE GAPS BETWEEN CONSECUTIVE ZEROS OF THE RIEMANN ZETA-FUNCTION 3 

Lemma 2.3. Suppose < i? < I. We have 

f 2 J \QH 2 {\ + it)\ 2 dt ~ ^ +1 r ^2r(^ T ) +1) /V " x ) r2_1 (^ _1 ^r-i(x) 2 " 2i? r (x) J R r _ 1 (x)^x, 



where 



R u (x) = [ t u P 2 {x-t)dt. 
Jo 



The next two lemmas concern the first "square" term and the "cross" term in the integrand 
of JK 2 {H,T;c). 



Lemma 2.4. Suppose < i9 < \. We have 

a r . 

™2vrr((r+ l) 2 ) 



2 ' 

r ff , ,. lff/1 a r+ irL(log^ + 1 ) 2 
^ H 1 (fi + ta)H 1 (l-p-%a) ~ ^fTT^n 



T<7<2T 



jf (1 -x) (r+1)2_1 ^Pi(x) 2 -2&(r+l)Pi(x) J coB(alogj/t)Pi(a;-t)dt^dx. 
Lemma 2.5. Suppose < i? < i. On GRH we have 

u>/iere 

A(r,0;«) = (1 - (iai)- 1 )Q r (u)P 2 H 

-0(r + l) / y iat Q r (u-t)P 2 (u)dt-$r y- iat Q r (u)P 2 (u - t)dt 



We prove Lemma 2.4 and Lemma 2.5 in Section 6 and Section 7, respectively. The second 
"square" term is given by Ng (cf. Theorem 2 |12|). 

Lemma 2.6. Suppose < i9 < i. On GRH we have 

; <2T ^ V J \,=1 / 



T<7<2T 

where 



B(r,6,j;u) = — - / V R r ^i(u)R r -i{u - t)dt 
3- Jo 

Or f u ■ 6r f u ■ 

H — -/ t 3 RJu)R r - 1 (u-t)dt + — t 3 Rr-Au^Rriu - t)dt 

r- Jo r- Jo 

min{j,r-2} (_]W r ) ru 

n _ 2 U -»W + n + l)! 7 



Remark 2.1. It is possible to establish these above lemmas for real r > 1 by using the 
Selberg-Delange method (cf. Chapter II. 5 [H]). However, we are not going to elaborate in 
this direction here. 
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Remark 2.2. We note that Lemmas 2.1-2.4 are unconditional. Lemma 2.5 and Lemma 2.6, as 
mentioned in [12], can probably be proved only assuming the Generalized Lindelof Hypothesis 
by following the work of Conrey, Ghosh and Gonek [4j. Even this assumption may possibly 
be removed since an upper bound for the sixth moment of Dirichlet L-functions L(s, x) on 
average is sufficient for the main theorem in [JJ. If so, our Theorem 1 would hold on assuming 
only the Riemann Hypothesis. 

In Section 8, we illustrate how our theorem follows from Lemmas 2.1-2.6. Throughout 
the paper, we denote L = log^r, e(x) = e 2mx . To facilitate the proofs of some lemmas, we 
sometimes allow a € C. However, a is always restricted to a < L^ 1 . We also assume that 
y = T' & , where < ■& < 1/2, and r > 1. 

3. Initial manipulations for Lemma 2.5 
By Cauchy's theorem we have 

Si2= Yl C#2(p + »«)#i(l - P -ia) = ^-. ! ^-{s-ia)C{s)H 1 {l-s)H 2 {s)ds, 

T<7<2T n ^ 

where is the positively oriented rectangle with vertices at 1 — a + i(T + a), a + i(T + a), 
a + i(2T + a) and 1 — a + i(2T + a). Here a = 1 + L^ 1 and T is chosen so that the distances 
from T + a and 2T + a to the nearest 7 are ^> L^ 1 . Now for s inside or on we have 

tf 2 (s) « y x -°T e and C(«) « T^^/ 2 ^. 

Also, for each large T, we can choose T' such that T — 2 < T" < T, T' + a is not the ordinate 
of a zero of £(s) and ('(a + iT')/£(a + iT') <C L 2 , uniformly for — 1 < <r < 2 (cf. [5]). A simple 
argument using Cauchy's residue theorem then yields that the contribution of the bottom 
edge of the contour is <C yT 1 / 2+£ . The same argument holds for the top edge. Hence the 
contribution from the horizontal lines is 0(yT 1 ^ 2+e ). 
We denote the contribution from the right edge by 

1 ,-a+i{2T+a) H 

J 1 (H h H 2 ) = — Us - ia)C00#i(l - s)H 2 (s)ds. (2) 

27a J a+i ( T+Q ) Q 

From the functional equation we have 

C x' C 

— (1 — s — ia) = — (1 — s — ia) — -(s + ia). (3) 
C X C 

Hence the contribution from the left edge, by substituting s by 1 — s, is 

^ ra-i(2T+cx) H 
la-i(T+a) 



2ni 



ra-i(2T+a) H 

\ s-ia)C(l- s)H 1 (s)H 2 (l- s)ds 

Ja-i(T+a) C 



1 pa-i{2T+a) ( I C \ 

— X (l - *) -(1 - s - ia) -Us + ia)\ ((s)Hi(s)H 2 (l - s)ds 

^tJa-i(T+a) \X (J 



'a-i(T+a) 



where 



and 



Thus 



-J 3 (Ht,H 2 ) + J 2 (Hx,H 2 ), 

1 ,-a+i(2T+a) a/ 

J 2 (H 1 ,H 2 ) = — X ^-sA(s-ia)C(s)H 1 (s)H 2 (l-s)ds, (4) 

ZTTl J a+i{ r +a) C 
l r a+i(2T+a) I 

J 3 {H 1: H 2 ) = — Hi- s + ia)((l - 3)^(3)^(1 - s)ds. 

27^^ Ja+i(T+a) X 

S12 = Ji(H u H 2 ) - J 3 (H U H 2 ) + J2(H u H 2 ) + 0(yT 1 l 2+e ). 
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The evaluations of J\, J2 and J3 will be carried out in Section 7. 

4. Auxiliary lemmas 

In this section, we present all the lemmas which we will require for later calculations. We 
recall a lemma from [5j (cf. Lemma 2). 

Lemma 4.1. Suppose that A(s) = YlhLi a (h)h~ s > where a(h) <C d ri (/i)(log Kf 1 for some 
non-negative r\ and l\. Also let B(s) = Ylk<y b(k)k~ s , where b(k) <C d r2 (k)(log fc)' 2 for some 
non-negative ri and I2 ■ Then we have 

1 f a+l2T ,n ^,r^H ^b(k) 



2ni 



x (l-s)A(s)B(l-s)d S = J2^ 1 E a{h)e{-h/k)+0{yT l ' 2+£ ). 

+lT k<y kT/2w<h<kT/w 



Lemma 4.2. For (h, k) = 1 with k > 0, we define 

00 n (nh~- 



00 / \ 

L{s,h/k) = Y, e - S ^ 1 (*>!)■ 



n=l 



T/ien L{s,h/k) is regular in the entire complex plane except when k = 1. For = 1 we have 
L(s,h/k) = ((s) and the function has a simple pole at s = 1 with residue 1. 

The proof of Lemma 4.2 is trivial. The L-function defined above is a special case of the 
Lerch zeta-function. 

Lemma 4.3. For (h,k) = 1, we define 

Q(s,a,h/k) = - V J^Jz^l\ (<r>1) . 
— ' m s n s 101 \ k I 

m,n=l x y 

Then Q{s,a,h/k) has a meromorphic continuation to the entire complex plane. For a ^ 0, 
Q(s, a, h/k) has 

(i) a simple pole at s = 1 with residue 

^(1-ia) ifk = \ 

-'°gp .n-flA.i 

otherwise; 



(ii) a simple pole at s = 1 + ia with residue 



Moreover, on GRH, Q(s,a,h/k) is regular in a > 1/2 except for these two poles. 

Proof. For er > 1 we have 

fc fc/d 
Q(s, a, h/k) = M s i —ah/k)L(s — ia, a, k) = ^^*L(s, —ahd/k)L{s — ia, ad, k), (5) 

o=l d|fe o=l 

where L(s, /i/fc) is the function defined in the previous lemma and 

L(s,a,k) = - V] A(n)n" s , (cr > 1), 

n=a(mod k) 

with ^* denotes summation over a coprime to k/d. It is known that L{s,a,k) has a meromor- 
phic continuation to the entire complex plane and is regular on a = 1 except for a simple pole 
at s = 1 if, and only if, (a,k) = 1. Also, by Lemma 4.2, L(s, —ahd/k) is regular everywhere 



H. M. BUI 



except for a simple pole at s = 1 (when d = k). Thus, by ([5]), Q(s, a, h/k) has a meromorphic 
continuation to the entire complex plane and if a ^ 0, Q(s, a, h/k) has simple poles at s = 1 
and s = 1 + ia. 

From Lemma 4.2, the residue at s = 1 is 



L(l — ia, k,k) = — _ ^ 

v 1 ^ (kn) 1 -^ i 

n=l v ' 



' £(l-ia) if As = 1 

- 1o sp if A- — n x •> 1 

p (l-*a)Anlp-l+ia) — 

otherwise. 



To evaluate the residue at s = 1 + ia, we note that in L(s — ia,ad,k) is regular on 
<T = 1 unless d = 1. In the case d = 1, it has a pole at s = 1 + ia with residue —l/<p(k). Hence 
the residue of Q(s, a, h/k) at s = 1 + ia is 

77T V + ia, -atyife) = ^ V 

a=l n=l 

where c&(n) is the Ramanujan sum. From Titchmarsh [15], this is equal to 

_ CO+^O) y ta = _ CO + H ^ _ 

fc»<Wfc) Z-^ PV ' k ia ip(k) liV ^ ; 

d|fc p\k 

The lemma follows. □ 

We need a lemma to deal with product of several Dirichlet series (Lemma 3 of [3]). 
Lemma 4.4. Suppose that Aj(s) = Y2 n >i a j( n ) n ~ S ^ s absolutely convergent for a > \, for 

n=l j=l 
T/ien /or any positive integer d, we have 

E"° a(nd) y-^ -r^r / ^ a>j(ndj] 

n=l di...di=dj=l n>l 

The previous three lemmas lead to the following. 
Lemma 4.5. Assume GRH. Let k E N u>iia k < y. We define 

n*( u\ a(h)e(-h/k) 

Q(s,a,k) = 2^ ^ , (6) 

ft=l 

where 

a(/i) = - ^ d r+1 (n)P![n]A(u)u ia . (7) 

n<y 

Then Q*(s,a,k) has an analytic continuation to a > | except for possible poles at s = 1 and 
s = 1 + ia. Moreover we have 

Q*{s,a,k) <^y x l 2 T e , 
for I + < o" < a, |i| < T and \s — 1|, |s — 1 — ia[ S> 1. 

Proof. For x a character (mod fc), the Gauss sum t(%) is given by 



r(x) = &(fc)e(j). 
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It is standard to show that 

V 7 d|(A,fc) W ; x(mod k/d) V 7 

Inserting this into ([6]) leads to 

Q*(s, a ,fc)=^ — j— ^ r(x)x(-d)A( 8 ,d), 

where 

By expanding -Pi(x) = J2j>o c j x '' m © we obtain 



Q*( s ,a,fc)=^ — |Lq*( S) ( 8 ) 



i>o 



where 



Let 



1 fp 
Q*( S ,a^) = ^— -— £ r(l)xH)^(M; 2 )h, 0) 

d\k ^ y 1 ' x(mod k/d) 

A( S , d] z) = f2 azihd) h * {hd \ and a,(fc) = - £ ^ + i("VA(tQu* 

h=l nuv=h 

n<y 

F(s,r, X ) = JJC 1 -X(P)P~ S )- 
p\r 



We note that 



A(., 1; ,) = ( Y, x{n)d '^ nV ~) L(s, x) (-± *« A « 



n<y u=l 

Hence, by Lemma 4.4, 

A(s,d;z)= ^i(s,/ii;z)^ 2 (s,/i2,/ii)-43(s,/i3,^i^2), 
AiA2A3=d 

where 

x(hn)d r+ i(hn)y z 



„4i(s,/i;z) = 



ra s (/m) 2 

>l 2 ( a ,/ l ,0= 2 ^ = x(^,x)f(M,x), 

(n,0=l " 



^3(a,fc,i) = - 



x(hn)A(hn)(hn) 



(n,i)=l 

It is obvious that .Ai and ^2 are regular everywhere except when % is principal. In this case 
A2 has a simple pole at s = 1. Also, assuming GRH, A3 is regular in a > 1/2, except for a 
possible simple pole at s = 1 + ia. Thus, A(s,d;z) is regular in a > 1/2 with the possible 
exception of poles at s = 1 and s = 1 + ia. Hence the required continuation of Q*(s, a, k) 
follows. 

To bound Q*(s, a, k) we will need to bound A(s, d; z). In the considered region we have 

Aj(s,h,l) < T £ , 
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for j = 2,3 and if h,l divide d (cf. (3.10) [3j), and (cf. (50) and (54) [12]) 

A (s h- z) <C / y 1 ^ 2 ^ 6 ^ X * s principal 
1 [ T E otherwise. 

Hence in the region under consideration we have 

y l / 2 T £ if x is principal 



A(s,d;z) < 



otherwise, 



uniformly for \z\ <C L . Applying the Cauchy integral formula with a circle of radius x L 1 
leads to 

&> . , J yVaj-e if % i s principal 

^(s, d, z)| 2=0 « | T£ otherwise . 

Combining this with (|5J) we obtain 

9?(-.«.*) « T£ E ^/L 1/2 (^V(xo)i+ E 



« y^r 6 . 

Thus, by ([S]) the lemma follows. □ 
We require the following version of the Landau-Gonek explicit formula [6]. 



Lemma 4.6. For x > 1 we have 

T 
2^ 



T 

Ex p = — — A(x) + 0(x log(xT) log log x) 
V/7T 

T<7<2T 



+0 ( log x min MT, + O^L min MT, — p 



log X / 

where (x) denotes the distance from x to the closest prime power other than x itself, and 
A(x) = logp if x is a positive integral power of a prime p and A(cc) = otherwise. 

We also need various lemmas concerning divisor sums and other divisor-like sums. We first 
introduce some notation which we will use throughout. Let D r (n) = D r (n, 1), where 

a>, .)-(£; c<»r = n (fi-i)E ^) 

We define 



V s ) — ' P^ 4 

m=l 7 p A ||n i=o 



F T (n)=n(l + C(p- T )), 

p|n 

for r > and the constant in the O-term is implicit and independent of r. We note that 

D r (n, s) < d r (n)F T (n) (a > r > 0). 

Lemma 4.7. For / € C 1 ([0, 1]), there exists an absolute constant tq such that 

^ d r (kn)f[kn] = ^W^yr [jb] + Q(dr(fc)jr (jb)Lr -i } 
n r(r) 

£ ^MZH _ ^ log „ WiS*/* _ ,)* + (d P (*)F„ (*)), (10) 
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and 

_. log y j k 

A(n)d r (kmn)f[kmn] rD r (k)(logy) r+L f io SV iat / logy/ A; \ 

mky/k mnl ~ ia r(r) '° V l ° gy ' 

+O(d r (k)F T0 (k)L r ), 

where 

9u(x)= [ X t u f(x-t)dt. 



Proof. We note that (cf. Lemma 4 [T]) 

(kn) _ D r ( 
n r(r + 1) 



E ^ = P 'ff )( l°" )r + o(*(t)f,(tr'; 



uniformly for all fc. Hence by Stieltjes integration we have 
d r (kn)f[kn] _ D r {k) [y/ k (logrjy- 1 

n<y/k 



4W« = M f''Hj^ flk#+0{Mk)Fn(kW -, : 



Substituting log r// logy = i, the first statement of the lemma follows. 

We will now only prove the second statement as the last statement is similar. We note that 
the terms for which n = p x , where A > 2, or n is a prime divisor of k may be included in the 
error term. So 

E A W£f w =^w E ££/M +<w*)«.<*)). 

By the prime number theorem and Stieltjes integration, the above main term is 

py/k i 

rd r( k ) J ^—f[k V ]d V + O(d r (k)F T0 (k)). 

We obtain (fT0|) by the substitution log r\j logy = i. □ 

We need a lemma concerning the size of the function F T0 (n) on average. 
Lemma 4.8. For any tq > 0, we have 

d ri (k)d r2 (k)F T0 (k) 
2—* k 

k<y 

Proof. We have 

F T0 (k) < J](l + Ap- T0 ) = n- T °A w ^ 

p\k n\k 

for some A > 0, where w(d) is the number of prime factors of d. Hence 

Ed ri (k)d r2 (k)F T0 (k) ^ A w ^ ^ d ri (kn)d r2 (kn) 

k ^ n 1+T ° ^ k 

k<y n<y k<y/n 

^ Lrir2 yp A^d ri (n)d r2 (n) 

n<y 

since A w ^d ri (n)d r2 (n) <C n r °/ 2 for sufficiently large n. □ 
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Lemma 4.9. We have 

\ — ^ d r 

k ~ T(r 2 + 1) 



^ d r (k) 2 _ a r (logy) r nrr r 2 -^ 



k<y 



and 



^ D r+1 (k)d r {k) = a r +i(logy) r(r+1) or7 . r(r+ i)_i> 
^ k r(r(r + l) + l) [ >' 

k<y 

A{n) = Y\{l-p- (1+ia) ). 

p\n 

£>r+i(fc)dr(fc)^(fc) = a r+ i(log|/) r ( r+1 ) (r+1) _i 
^ tp{k) r(r(r + l) + l) + 1 J - 

Proof. The first statement is a well-known result. The other two statements can be proved 
very similarly with minor changes. □ 



Also let 



Then 



The above lemma leads to 
Lemma 4.10. For / G C 1 ([0, 1]), we have 

d r (k) 2 f[k\ _ a r (io gy y 2 ><• 

k<y 

and 

£ I?r + l(fcKW/[fc] = gr±^)^ _ x)r(p+ l)-l /(x)dx + ( L K^1)-1). 

fc<y 

Proof. These formulae easily follow from Lemma 4.9 and Stieltjes integration. □ 

The next lemma is an easy consequence of Lemma 4.7, Lemma 4.8 and Lemma 4.10. 
Lemma 4.11. We have 

h ~ /i r(r + l)r(r(r + 1)) y 

/i=fcn 

^ awwwot ^ / 1 jT (i - ,f-w - w.)**, 

h=kn 

and 

^ A(n)d r+1 (/ l )Pi[/i]d r (A:)P 2 [fe] _ ra r+i (log y)^ +1 ) 2+1 



/in- iQ T(r+ l)r(r(r + 1)) 

h=kmn 



1 /-a; 



(1 - x) r ( r+1 )- 1 y iQ *Q r (x - t)P 2 (x)dtdx, 



10 Jo 

where each formula is valid up to a saving of L in the error term. 
Lemma 4.12. Assume RH. Let 

g(k) = H(l- P n- 
p\k 
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Then we have, for some to > 0, 

d r (km)g(k) = / -A / r\ (-ialogy)A d r (m) ( d r (m)F T0 (m) 
^ <p(fcm) V^W i ! / ¥>M V m 

Proof. We first consider the generating series of the above sum 

^ d r (km)g(k) 

H(s,a)= > 7- — — — . 

V(km)k s 

By multiplicativity we have 

P J— U p A ||m J 

= Zi(s,a)Z 2 (s,a), (11) 
say. We also decompose Z\(s,a) as 

ZiM = C ^_ 1 + S) . r Z n ( S ,a), (12) 

(, (1 + S — 2Qj r 

where 



Zn(s ' a) = n^ 1 -^) (g^pp?) 



n^i- J-VYi 1 \-y r(i-p^) ^ <ww) 

11 ^ p i+s-ia J y + (p-iy + z^(i_ p -iy( S +i) 



J=2 

The product for Zn(s,a) is absolutely and uniformly convergent for a > —1/3, |a| <C 
Hence it represents a bounded analytic function of s and a in that region. We next consider 
^2(5, a). We have, for s = a + it, 

Furthermore, we note that (cf. |12j ) 



i=0 

It is then standard to verify that 



£%H-^r^ )(i+o(p ~" 



)). 



( ip{pi +x )p> s \ p s+l J p 



Combining this with (|lip and (|13j) we obtain 

iz 2(s , a) l< ry ^l^ + oip-^ii-rp- 8 - 1 ^- 1 < ^M^fr^ 

XX m 

p A I |m 

for some positive constant tq, in the region a > —1/3, |a| <C Here To = 1/3 is admissible. 
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Now by Perron's formula 

f£ <p(km) 2vrz J 1 _ iU v ; s 

+ o (yd r {m) t ^mm min ( 1; 1 ) ) . (15 ) 

By splitting the sum in the O-term into the ranges [1, y/2), [y/2, 3y/2) and [3y/2, oo), we find 
that the sum is 

yd r {m)F TQ (m) 
Um 

We now move the line of integration in (|15p to a = —1/4 and use Cauchy's theorem. On RH 

C(s), COO -1 < e (1 + |t|) £ (a > 1/2 + e, \s- 1| » 1), 
so by 0, (EI and (JHJ) we have 



U e d r (m)F T0 (m) 



m 

on the new path of integration. So the contribution along the horizontal lines is 

yd r {m)F TQ (m) 
Um 

and that along the left edge is 

U £ d r (m)F T0 (m) 

£ 1/4 

Thus, taking £7 = ylogy leads to 

\- d r (km)g(k) ( y s \ ( d r (m)F TQ (m) A 

^ ^(jfcm) =Res s=0 ^,a) T j+O^ L j. (16) 

To compute the residue, we use the Laurent expansion of each factor in 

H(s, a)— = C(l + s - ia)- r Z n (s, a)Z 2 (s, a)y s ((l + sYs' 1 . 
s 

We have 

\r -1 „-r-l/i i i 2 



C(l + s) r s _i = i (l + ais + a 2 ^ + ... 

2! 



, s = l + (log y)s + ^ S 2 + ..., 



where we put f(z) = ("(1 + z)~ r . It is standard to check that 

fW(-ia) = r(r - 1) . . . (r - j + l)Ha) r ~ J ' + 0(|a| r - J ' +1 ) (0 < j < r). 

We also note that since Z\\{s, a) and Z<i{s, a) are analytic and uniformly bounded in a > —1/3, 
\a\ <C L , by Cauchy's theorem 

d\ j ( d\ j 

— J Zn(0,a)<l, and - Z 2 (0, a) <C dr(m)/(p{m). 

The analyticity in a also implies that 

Z n (0, a) = Z n (0, 0) + 0(|a|) = 1 + 0(|a|), 

and 

Z 2 (0,a) = Z 2 {0,0) + 0(\a\d r (m)/ip(m)) = d r {m)/y{m){\ + 0(\a\)). 
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Thus the residue at s = is 

a Ul {\ogyY>f^{-ia)Z^\Q,a)Z^\^a) 



Res s=0 = 



u-t \u 2 \ui}.ua\u^\ 

u 1 +u 2 +u z +u A +u T> =r 

^ (logy)^/M(-ig) N.n^ m )r-i 
> : — ; Zii(0,a)Z 2 (0,a) + 0[ L 

{-ialogy) U2 ( r\\ d r (m) Q( dr ( m ) L -i 

Combining this with f)16fl . the lemma follows. □ 

5. Proofs of Lemma 2.1 and Lemma 2.2 
From Montgomery- Vaughan's mean value theorem [TO] we have 

d r+1 (k) 2 Pi[k? 



Mi 

By Lemma 4.10, 



J + it)[ a dt~rX; 



k<y 



a r+1 T(logy)(r+V 2 r 1 

ikZi ~ 



r((r + i) 2 ) y 1 j lW 1 



This proves Lemma 2.1. 

For Lemma 2.2, we first move the line of integration to ^fts = a = 1 + L~ l . As in Section 3, 
the contribution from the horizontal lines is <C yT 1//4+e . Now we have 

Hence 



i<TV2 



,-2T /-2T i 

Afi 2 = / C(| + **)-ffi(i-»t)-H2(i + it)* = / £ —Hi{l-s)H 2 (s)dt 

+o(lJ t \H x {\-it)H 2 {\ + it)\dt\ +0(yT 1 / 4+e ), (17) 

where s = a + it. Here the line of integration in the first O-term has been moved back to the 
^-line with an admissible error. By Cauchy's inequality and Lemma 2.1 this term is 

/ f2T \ 1/2 / f -2T \ 1/2 

<4/ \ Hl (\ + it)\ 2 \ (J \H 2 (\ + it)\ 2 \ «T^ 2 +'-+ 3 / 2 . 

Furthermore from Montgomery- Vaughan's mean value theorem, the main term is asymptotic 
to 

d r+1 (h)P 1 [h}d r {k)P 2 [k] 



h,k<y 
h=kn 



So, by Lemma 4.11, 



a r +iT{\ogy) {r+l)2 f 1 . r(r+1 )_ 1 . . , . 
A ^i2 ~ — ; . vt,; ; ttt / (1 - x) 1 ^ ; Q r (x)P 2 (x)dx. 



r(r + l)r(r(r + 1)) 

This proves Lemma 2.2 



o 
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6. Proof of Lemma 2.4 

We have 

T<7<2T ft,fc<2/ ' T<7<2T V ' 

= / + Il+I 2 , 

where /, Ii and I2 are the contributions of the terms h = k, h > k and h < k, respectively. 
In view of Lemma 4.10 

TLy^WnW „ ar +l THlo e y)^>" _ j)( ^-l flM . fa (18) 
2» £j * 2rf((r + l) 2 ) A U 1 

Next we note that I2 = ii . We obtain from Lemma 4.6 that 

d r+1 (h)d r+ i(k) 



fc,k<j/ \ / \ k<h<y 

We denote these four terms by In, J12, -/13 and J14, respectively. We have 
I T A(n)ci r+1 (/i)P 1 [fe]d r+1 (fc)Pi[fc] 

h=fcn 

Using Lemma 4.11 we get 

(r + lK +1 T(logy)(-+ 1 ) 2 + 1 ' ! 



I Al -x) (r+1)2 " 1 y iQ *Pi(x-t)Pi(x)(itdx. (19) 



27rr((r + l) 2 ) 

Combining (|18j) and (|19p . we obtain the main term in Lemma 2.4. 

We are left show that the error terms I12, I13 and I14 are admissible. The bound for I12 is 
trivial, 

« T£ E £ « ^ 

To estimate /13, we write h = uk + v where \v/k\ < ^. We observe that (h/k) = \v/k\ if u is 
a prime power and u / 0, otherwise (h/k) > i. So 



• ufe<y 1<d<A:/2 /i,fc<y 

Finally for /14, we note that log h/k > log h/(h — 1) ^> 1/h. So /14 <C 2/ 2 T £ . The proof is 
complete. 

7. Proof of Lemma 2.5 

7.1. Evaluation of J\(H\, H2). We truncate the Dirichlet series of the product of the first 
two terms in ([2]) at T 1 / 2 , 

C , • s>/ x A(m) _/ v-^ logn \ 

C ^ m s - ia n s \ n l+L 



<TV2 v n>T!/2 

V ^L + 0(L 2 ). 

m s - ta n s 

n<T 1 / 2 
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Hence 

1 f^T+a) A(m) 



| ra+i^l+a) A ( 777 ) 

UH U H 2 ) = ~— £ —^-H^l - s)H 2 {s)ds 

2m Ja + HT +a ) m ^ 1/a m s *<*n s 



ran 

+0[L 2 J \H 1 (a + it)H 2 (l-a-it)\dtj. 



As before we can move the line of integration in the O-term to the ^-line with an admissible 
error of size 0(yT £ ). The same argument as in (|17p then implies that the O-term is <C 
TL r2+r+5 / 2 . From Mont gomery-Vaughan's mean value theorem, the main term is asymptotic 
to 

_T_ A{n)d r+1 (h)P 1 [h]d r (k)P 2 [k] 
2ir hn~ ia 

h,k<y 
h=kmn 

Thus, by Lemma 4.11, 

H * ~ Jr t«rtfmSZ +1 II [ (l - ^ (r+1, -V"'<2,(* - tm*v»*m 

7.2. Evaluation of J 2 (Hi,H 2 ). We recall that 

ra.+i(2T+a) si 

J 2 (H 1 ,H 2 ) = — / X ^-sA(s-iaX(s)H 1 (s)H 2 (l-s)ds. 
By Lemma 4.1 we obtain 

UHi,H 2 ) = Y dr{k) ? 2[k] Y <h)e{-h/k) + OiyT^l 

k<y ' kT/2TT<h<kT/n 

where 

a(h) = - Y i+i(n)ANA(u)it M . 

nuv=h 
n<y 

We write 

n * ( js y' a{h)e{-h/k) 
Q (s,a,k) = }_^ . 

h=l 

From Perron's formula, we have 

Y a(h)e(-h/k) = — Q*{s,a,k)(—j — + 0{kT £ ). (21) 

h<kT/2w m Ja - tT \ n / S 

Lemma 4.5 asserts that Q*(s, a, k) has at most two poles in a > \ at s = 1 and s = 1 + ia (we 
are assuming that Hence we move the line of integration in (|2ip to a = ao = \ + L^ 1 

and obtain 

1 l' a+lT ,JkT\ s ds 



2iri 



r a+l1 fkT\ s d<; 
J Q*(s,a,k)l-) — = R l + R 1+l 



1 / p-iT f a 0+ iT f*W\ , /kTYds 

/ + / + / )Q*(s,a,k){ 



2^\7a-iT Jao-iT J a +iT / \2tT 

where R\ and R\+i a are the residues of the integrand at s = 1 and s = 1 + ia, respectively. 
By Lemma 4.5, the left edge of the contour contributes 

rT 



/ dt 
-t 1 + Fl 



l/2+e 
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Also, the contribution along the horizontal lines is 

« yWjeWpl « y 3/2 T£ _ 

Thus 

J2 a(h)e(-h/k) =R 1 + R 1+ia + 0{yT l / 2+e + y 3 / 2 T £ ). 

h<kT/2n 

We now compute the residues R± and Ri+i a - Let Q(s,a,h/k) be as in Lemma 4.3. Then 
we have 



h" 
h<y 



Q%s,a,k) = ^ dr+li tl Pl[h] Q(s, a ,h/k). 
Hence by Lemma 4.3(i), we obtain 

kT ^ d r+ i(/t)Pi[/i] 



' £(l-ia) if K = 1 



9tt Z— ' 



2tT ^> /l 



X < 



1 ~ lQ gP if K - n x > 1 

p(l-ia)An_ p -l+ia) 11 " ~ X 

otherwise, 



where -K" = k). Also, by Lemma 4.3(h) we have 

1+ia l + ia\2Tr) L> h}+ ia K^tpiK)^ P h 

V 7 h<y rV 7 p|X 

Thus 

j 2 (ffi,ff 2 ) = 2^^(1-^)2^ £ 

/l,fc<J/ 
fe=fcn 

T ^ logp ^ d r+ i(M)Pi[/i/c]d r (p A fe)P 2 [p A ^ 

Kp x <y (h,p)=l 

hk<y 
k<y/p x 



gi + ia) /T\ 1+ta v d r+1 (/ t )P 1 [/ t ]d r (fc)P 2 [fc]n p |Ar(l-P ,a ) of?jr i/ 2+£1 
1 + ia \2tt) 4^ (hK) ia ip(K) [V ' 



We denote the three main terms by J 2 i, J 22 and J23, respectively. The first expression 
follows from Lemma 4.11. By noting that £'(1 — ia)/((l — ia) = (ia)' 1 + 0(1), J21 is 
asymptotic to 

a r+l T{\ogyt+ 1 ) 2 



J\l ~ x) r ^- 1 Q r (x)P 2 (x)dx. (22) 



2maT(r + l)T(r(r + 

For the second expression, we first note that the contribution of the terms for which A > 2, 
or p is a prime divisor of h or k is 

T y- d r+1 (h)d r (k) TL (r+i) 2 
^ h 

h,k<y 
h=nk 

Hence, we have, up to an error term of size 

rT^ logp d r+1 {h)P 1 [h}d r (k)P 2 [pk} 
22 2vr ^ pi-»a - 1 ^ h 

p<y h<y,k<y/p 
h=nk 
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By Lemma 4.11, the sum over h and k is 

\2 . losv/p 



a 



i))Jo V lo §y / 



r(r + l)r(r(r + 



up to an error term of size 

0(£(r+i) 2 -i)_ xhe contribution of this O-term to J 22 is < TL^ 
Hence the leading term of J22 is 

ra r+ ir(logy)( r+1 ) 2 \ - logp 
2vrr(r + l)r(r(r + 1)) ^ p 1 "* - l 9{Ph 

where 

9(P) = X ^- l Qr(l ~ ~ x)dx. 

Jo V l °gy J 

Now from the prime number theorem, it is standard to check that 

y = j^l + Q ( i). 

p l-ia _l ia V > 

p<y 

So by Stieltjes integration, 

P<y P Jl Jo 

Thus 

We are left to evaluate J23. Using the Mobius inversion 



/((M)) = ££>(*)/ 



m|/i n|m 
m|fe 



the sum over /i and A; is 



d r+l {h)P 1 \h)d r {k)P 2 [k) y^y^ Ilplfcn/ml 1 -^") 

Z^ hk~ ia 2— ' l hkn \j a ikn\ 

h,k<y "' m\hn\m ^ m > m J 

m\k 

By writing hm and fcm for /i and k, respectively, the above expression is 

m<{/ h<y/m k<y/m n\m 

We let 

_ rwi-p fa ) 

It is standard to verify that f(k) is multiplicative. Hence the sum over n is 

\ - fi(n)f(kn) _ , (1aT t (-. f(kp) \ _ ,,,vtt f f(p)\ tt ( -> ¥>(*0 \ 
Z. n ia -/WJM1 /( ^ 1 p-Jll^ 1 v{kp)p™) 

n\m p\m p\m p\m 

p\k p\k 
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This can be simplified further as 

Hp^-P^ jT Pil-p-^^ jTf. -fi+jgu = mA(m)g(k) 
<p(k) J-- 1 - p-1 ll l p > (pfkm) ' 

p\m p\m 

p\k p\k 

where 

A(m) = Y[{1 - p-( 1+ia )) and g(k) = - p ia ). 

p\m p\k 

So (J2"4"|) is equal to 

d r+ \(hm)Pi [hm] ^-^ d r (km)g(k)P2[km] 

m<y h<y/m k<y/m 

By Stieltjes integration and Lemma 4.12, the sum over k is 

dr(m) f ' fr\ [V/™ (-ialogt)J A / rf r (m)F ro (m) _j 

Using Lemma 4.7 and Lemma 4.8, the contribution of the O-term to J23 is 

< TL r+1 V ^+i(m)4MF T0 (m) < TL (r+i) 2 + e 
ifi(m) 

m<y ^ v ; 

Now Lemma 4.7 gives 

d r+ i(/im)Pi[/im] Z) r+ i(m)(logy) r+1 



T(r + 1) 

h<y/m y ' 



log y/m 



[ l0SV fy-^Pxi^p^ -t)dt + O(d r+1 (m)F T0 (m)L r ). 

Jo V logy / 

Again, the contribution of this O-term to J23 is <C TL^ r+1 ) 2+£ . Thus, up to an error term of 
size 0(TL( r+1 ) 2+£ ), 

CO+jq) (T\ (logyT+i ^ D r+ i(m)d,.(m)A(m) 
23 l + W r(r + l) ^ V (m) 

log y/m y . 

f logy _ flog y/m \ ( sr^ (t\ (—ialogy) 3 „ r , „ r A 

By Lemma 14 and Stieltjes integration, the sum over m is 

a r+1 fy (log x)^ 1 )- 1 ^ y . iatpi nogy/x _ f 



T(r(r + 1)) A 7 x " V lo §y 



We note that 



1 + ia \2ir J lisioi 



+ 0(T). 
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Hence, substituting 1 — log xj logy by x leads to 

2maT(r + l)r(r(r + 1)) J Q J U X) * V 

Pl{x -t)(j2 (j) ( "(7-T)! ) ' jRj - l(x) + P ^) dtdx - ( 25 ) 
7.3. Evaluation of J^(H\, H 2 ). We will first consider 

1 ra+i(2t+a) 

Mt) = 77- / C(l - s)H x {s)H 2 {\ - s)ds. 

11X1 Ja+i(t+a) 

As before, we move the line of integration to the ^-line. The contribution along the horizontal 
lines is 0(yt 1 ^ +e ). The integral along the left edge is 

— / a\ + it)Hi{\-it)H 2 (\ + it)dt. 

Z7r Jt+a 

Hence, by Lemma 2.2 we have 

7 u\ a r+ it(logy)( r+1 ) 2 f 1 > r(r+1) _i f . 

Mt) = 2nT(r + mr(r + l)) J (1 ~ x) Qr(*m*)** 

+0(yt 1/4+e ) + 0(ti( r+1)3 - 1 ). (26) 

By Stirling's formula we have 

Hence 

/ / ,2T+a dt\ 
+°y J - a - it)C(a + it)Hi(a + it)H 2 (l - a - it)\— J . 

The integrand in the error term is -C yT~ l l 2+£ . So the O-term is bounded by yT 1 / 2+e . Hence, 
integration by parts leads to 

- 2T m 



it + ia) = -log — + 0(t- 1 ) (t>l). 
X 2vr 



f2T 

J 3 (tfl,tf 2 ) = " 

r2T+a 



Jz{H Xl H 2 ) = -(logT)(j 4 (2T) - J 4 (T)) +0 

In view of (|26p . we deduce that 

a^T^logy)^) 2 



dt 

rp t 



+ 0{yT 1 ' 2+F '). 



Tin u\ a r+1 TL(logyy r+x > f . r r r+1) _ 1 , , , , 

J 3 (^l,^) ~ - 27r r(r + l)r(r(r + l)) y (1 ~ x) ^W^- 



This, fl20 1> . ([22 1 . d25| > and (125 11 establish Lemma 2.5. 



8. Deduction of Theorem 1.1 



In this section, we will demonstrate how Theorem 1.1 follows from Lemmas 2.1-2.6. Our 
arguments show that we can choose # = \ — e. Hence Lemmas 2.1-2.3 give 

^(H,T) ~ a r+1 T (log y)( r+ V 2 U, (27) 
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where 

1 f 1 





»1 

+ tTW^ / (l-«) r2_1 (^r-i(a:)--Rr(a:))i2r-i(a:)<te. 



2 



E | fll (l +i(7 + t ,) ) |^ ^^^ +1) V 1 , (28 ) 



Now from Lemma 2.4, 

" C/L V- ,rwi , , _am 2j _.. ar+iTaogy)^ 1 ) 2 

-c/L T < 7 <2T 

where 

K = r((r ^ 1)2) £(1 - (W) - 2(r + 1) jT* 5m(f) ^ l( "" t) ^ cfa. 

Similarly, by Lemma 2.5 we have 

m ( [ C/L E CH 2 (p + ia)Hi{l- p-ia)da) ^ a r+i T ( lo Sy) {r+1) ^ (2g) 

V J-c/L r < 7 < 2T / 7F 

where 

F * " r (r + i)4(r + D) I (1 - x)r ' r+ ""' (*^Wft W 

- 2(r + l)P 2W r^(f)q r (x- f ) dt _ 2r0rM rsin(f)P 2 (x- t ) dt 



»x /-c/2 



+ 2 e r { i§ ( 2 , ; ,) * w £ /2 ~«« - - w 



2j+2<r 



Furthermore, we note that 5ft(ia log = (— l)'(a log y) 21 for j = 21, and !>ft(ia log y)- 7 = for 
j = 21 + 1. Hence Lemma 2.6 gives 

" C/L V- n , .,m 2j . . . a r+1 T(log^ +1 ) 2 

'-c/L T<7 <2T 

where 

)i c 2j+l /'I 

T(r) 2 r(r 2 ) ^ 2 2 i- 1 (2j + l) 



/ K-^ 2 (| + i(7 + a)) da V 3 , (30) 



-. uu / -. \ j 2j + l fl 

Vs = E 2^4 + 1) I (1 " X)r " li?(r ' *' 2J ' 



Here B(r,9,j;x) is defined as in Lemma 2.6. 

Combining (|2Tj) . (|2"H |) . (| 2"5|) and ([50"]) we obtain that 

/l( C ) = + 0(1). 
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Consider the polynomials Pi(x) = Ylj<M c i x ^ anc ^ Pxix) = J2j<M ^j x ^ • Choosing r = 2, 
M = 10 and running Mathematica's Minimize command, we obtain A > 3.033. Precisely, 
with 

P^x) = -3 + 97x - 1730x 2 + 14830x 3 - 70248x 4 + 172217x 5 - 154805x 6 - 109555a; 7 
+188895x 8 + 130288a; 9 - 186298x 10 

and 

P 2 (x) = -258 + 9245x - 96770x 2 + 428888x 3 - 856147x 4 + 592829a; 5 + 169210x 6 
+94624x 7 - 716274a; 8 + 230263a; 9 + 154420a; 10 , 

we have 

/i(3.033vr) = 0.998885 . . . < 1. 
This and JI]) complete the proof of the theorem. 
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